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We show that the application of the truncated Painleve expansion and symbolic computation leads 
to a new class of analytical solitary-wave solutions to the general fifth-order nonlinear evolution 
equations which include Lax, Sawada-Kotera (SK), Kaup-Kupershmidt (KK), and Ito equations. 
Some explicit solitary-wave solutions are presented. 
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Whi l e it is easy to wr i te down in closed f rom a soli-
tary wave solution fo r the simplest standard model , 
namely the Kor teweg-de Vries ( K d V ) equation, it 
has proved qui te diff icul t to obtain such solutions for 
the p rob lems f rom w h i c h the K d V equat ion was de-
rived as a First approximat ion [1]. As such KdV hi-
erarchy models , we invest igate the generalized non-
integrable fifth-order nonl inear evolut ion equat ions of 
the fo rm [2] 

ut + ctuuxxx+ßuxuxx+ju ux+uz = 0, (1) 

where a , ß , and 7 are constant mode l parameters . 
This mode l includes the Lax [3], Kaup-Kupershmid t 
(KK) [ 4 - 7 ] , Sawada-Kote la (SK) [9], and Ito equa-
tions [8], A s the cons tants a, ß, and 7 take different 
values, the propert ies of (1) drastically change. For 
instance, the Lax equat ion with a = \ 0 , ß = 20, and 
7 = 30, and the SK equa t ion where a = ß = 7 = 5, are 
comple te ly integrable. These two equat ions have N-
soliton solut ions and an infinite set of conservation 
laws. T h e K K equat ion, with a = 10,/? = 25, and 
7 = 20, is also known to be integrable [6] and to have 
bi l inear representat ions [10, 11], but the explicit fo rm 
of its Af-soliton solution is apparent ly not known. A 

fourth equation in the mode l is the Ito equat ion, with 
a = 3,ß = 6, and 7 = 2, which is not comple te ly 
integrable but has a l imited number of conservat ion 
laws [8]. More recently, using a s implif ied version of 
Hirota 's method, Hereman and Nuse i r [2] explici t ly 
constructed multi-soli ton solutions of the K K equa-
tion for which soliton solut ions were not previously 
known. However, to our knowledge no a t tempt has 
been made for finding more general sol i tary-wave 
solutions other than the above ment ioned mode l s be-
cause of lengthy and nearly imposs ib le calcula t ions 
without proper symbol ic computa t ion packages . By 
utilizing the symbol ic package Maple, H o n g [12] re-
cently found some analytical sol i tary-wave solut ions 
to the general fifth-order water mode l s in [13], with 
some constraints on the mode l parameters . 

In this work, we m a k e use of both the t runcated 
Painleve expansion and the symbol ic computa t ion 
method [14 - 17] to obtain an auto-Bäcklund trans-
formation and certain explicit sol i tary-wave solut ions 
for the generalized non-integrable fifth-order nonlin-
ear evolution equat ion, which are di f ferent f r o m the 
solutions of the models ment ioned above [ 3 - 8 ] . 

A non-linear partial differential equat ion ( N P D E ) 
is said to possess the Painleve property when the 
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solut ions of the N P D E are "s ingle valued" about In order to find soli tonic solutions fo r (1), we trun-
the movable , singulari ty mani fo ld which is "non- cate the Painleve expansion, (3), at the constant- level 
characteris t ic". To be more precise, if the singularity term in the senses of Tian and Gao [15] and Khater 
man i fo ld is de te rmined by et al. [17], 

</>(Zl,22 , --- ,2n) = 0 , (2) J 
u(x, t ) = 0 - J ( x , t ) Y , ui(x, i)<i>\x, t). ( 4 ) 

a n d u = u(z], Z2,..., zn) is a solution of the NPD, then /=o 

it is required that ^ balancing the highest-order contr ibut ions f r o m the 
oo linear term (i. e. uxxxxx) wi th the h ighes t order con-

ti = 0 a ^ Uj4>\ (3) tributions f rom the nonl inear term (i.e, u2ux), we get 
j=o J = 2, so that 

w h e r e u0 ^ 0 , 0 = <f>(zu z 2 , z n ) , uj = U j ( z u _ up(x,t) | u i ( x , t ) [ 

z2,...,zn) are analyt ical funct ion of ( z j ) in the neigh- ' 0 2 ( x , < ) <f>(x,t) ' 
borhood of the man i fo ld (3), and a is a negative, TTr . , , , . 
rational number . Subsumt ion of (3) into the N P D E , ^ e will stay with the general assumpt ion that 
, . .u ii j i R A A c. 0X 4 0 but will not initially impose any constraints on 

de termines the a l lowed values of a and defines the , ~ , , * J . . . 
, r n 1 i vm, the model parameters a , p. 7 . W h e n subst i tut ing the 

recursion relation fo r w,, 7 = 0 , 1 , 2 , . . . . When the r . ' ' , , 
. , v xTTirM- • • A above expressions into (1) with the symbol ic p rogram 

ansatz (3) is correct , the N P D E is said to possess , , . \ ' c c • 
.1 t> * 1 ^ _ A ' • + A * u • . package Maple, we let the coeff ic ients of like powers 
the Painleve proper ty and is coniectured to be inte- r , - , , • , , , , 

ui r 1/1 i-7i of 0 vanish, so as to get the set of Pa in leve-Backlund 
crable [14, 17]. . & 
fe (PB) equat ions, 

( j ) ' 1 : - 7 2 O w o 0 x 5 - 1 2 / ? u o
2 0 x

3 - 2 4 a u o
2 0 x 3 - 2 7 u o

3 0 x = 0 , (6) 

0 ~ 6 : - 3 0 a U\Uo(f)x~ + 1 8 OC UQ 4>X4>XX + 1 8 OL Uo<t>x + 1 2 0 0 U()(f)x ( f ) x x — 1 0 / ? u \ ~~ 4 ß Uo ( f ) x ( j ) x x 

2 5 2 2 4 

+ \4ß wo0x w0,x - 12Oui0x - 5 7 « O Wi0x + 7 W o UO,x + 6 O O 0 x U0}X = 0, (7) 

0 - 5 : - 6 a u o 0 x u o , x x - 4JU0
2(/)xU2 - 24au2u0(f)x

3 + 6 / 3 u i 0 x
2 « o , x - 2ßu2(j)x

3 + 4 ß uQ(j)xu\(j)xx 

+ \%au\(f)x
2UQ,x +24auiu0(j)x(j)xx + 27w0wi«0,x - 4 7 u o « i 2 0 x + 6aw o0x2wi,x + 10/?wi,xwo0x2 

- 2 ß uQ(f)xuo,xx - 6 a w o 0 x i wo,x - 2 ß u0txu0(f)xx - 4 ß (pxu0fx
2 - 720 0 x

2 0 I x w o , x + 12O0 x
4 wi i X 

3 2 2 2 2 2 3 
+ 2 4 O w i 0 x 0 X X + 7 W 0 ui ,x - 24Ow o0x 0x xx ~~ 36Owq0x0xx — 2 a w0 0 XXX 6 a u \ 0 X 

2 4 O 0 x
3 w o , x x = 0 , (8) 

0 ~ 4 : 7 « I 2 U 0 , 1 - 7 W I 3 0 x + 9 O 0 x x
2 u o , x +6O0x

2WO,xxx +/?W0,xU0,xx - 6 a u 2 w i 0 x
3 + 18 a w2wo0x0xx 

+ 2 7 uou2u0}X - 3au0u\(j)xxx + 2y uqU\U\,x + 6 a ui0x
2ui,x + 4/? wi0x

2w1>x + 18a w20x2wo,x 

+ 6 a - u i 0 x u o , x x - ßu\(f)xuotXX - ßu0ixux(f)xx - 6 q u i 0 x x w o , x + 6 a u2(px(j)xx + ß u\2(f>x(pxx 

- 6yu\u2uo(f)x - 2 ß iLQ(f)xu\ xx + 6 ß u2,xuo(j)x
2 - 2ßu\jXuo(f)xx - 3 au0u^x(f)xx - 3 au0u\^xx(j)x 

+ 18O0x0xxWo,xx - 6/3 Wo,xWl,x0x - 6O0X
3U1 )XX + 120 0x0xxx^O,x + 1 U0

2U2,X — 60 «O0XX0XXX 

2 2 2 
+ a W0^0,XXX - 18O0X Wl,x0xx - 6 O u i 0 x 0XXX - 9OUi0x0xc + 30 UO0X 0XXX = 0, (9) 
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cf)~3 : Oiu0u^xxx +"yuiiXu\2 - 2 ß u2,xuo(f)xx - 2 ß UQ(f)xU2,xx + 2/yu0uiu2,x - 2uo<fit — 2uo<j)xxxxx 

— 4 ß U2,x(f)xU0<x + 20u\,xxx(px
2 + 30(pxx

2u\tx — 20 (f)xxu0jxxx — 10 (f)xuoiXXXX — \0(pxxxxu0tx 

- 20 (f)xxxu0ixx + 6 OLU2U\(px(j)xx +27WIU2WO,I + 2ßu2txu\(f)x
2 - 3 a u\u\yxx(f>x - 3 au\u\yx(j)xx 

— ß u\txu\(pxx - ß u\)xxu\(j)x + 2^U\,XU()U2 - 2au2UQ(f)xxx - 2 7 i^-uo^x + 6 au2<px
2uiiX 

- 6au2(pxuoiXX - 6au2<pxxu0>x - 2'yu2u2(j)x +404>xu\tx(f)xxx +au\Uo,xxx - 2ßu\,2<\>x 

+ ß uitXXu0tX + ß u^xu0jXX + 60(j)xu\>xx(pxx + I0u\(f)x(f)xxxx + 20u\(f)xx(f)xxx — au2(f)xxx 

2 2 2 + 10 a <f)x u\>xxx - 3 p(j)xuo^xx - 5 a4>xuotXXXX - cf)x+3p,(px u i , x = 0 , (10) 

0~ 2 : —U\(pt + OiU2Uo,xxx — U\(f)xxxxx — 2 ßu2,xu\tx(frx + 2^U\U2U\)X — ")U22U\(f)x — aU2U\(f)xxx 

+ 2^U2,xuqu2 — 3 a u2ui}xcf)xx - 3 au2U^xx(J)x - ßu2tXXu\(px - ßu2txu\(f)xx + UQ^xxxxx + uott 

+ ßuijXu\tXX - 10u\iXX<f> XXX xxxx + 1U2 u0tX +iu2,xui + a uiu\ixxx — 5u\ ,xxxx4>x 

+ a U0U2,xxx — \0u\,xxx(j)xx +ßu2txu0,xx +ßu2,xxU0,X = 0, (11) 

4>~l : a uiu2,xxx+ceu2u\txxx +u\,xxxxx+2'y uiu2u2,x +7 u2
2u\^x + ß uitXu2,xx+ß u2,xuijXX+uiit = 0, (12) 

: U2 needs to sat isfy the original equat ion, i.e., 

U2,xxxxx + ß U2,XU2,XX + CX U2U2,xxx + U 2 , t + 7 ^22U2,X = 0 (13) 

T h e set of (5) and (6 - 13) const i tutes an auto-Bäcklund transformation, if the set is solvable with respect 
to 0 ( x , t), uq(x, t ) , u\(x, t) and U2(x, t) [15, 16]. Equation (6) brings out three possibil i t ies fo r uo(x, t): 

, n 0 ( - ß - 2 a + H)(t>x
2 in , ( - j g - 2 *-H)<j>2 

u'0 = 0, u 0 = 3 , Wq = 3 , (14) 

where Tt = \Jß1 + 4 ß a + 4 a2 — 40 7 . S o m e complicated symbolic manipula t ions are required to find general 
solut ions for the remain ing ui(x,t) and U2(x,t). However, due to increasing complexi t ies in the symbol ic 
computa t ions , a long C P U t ime is required. Thus, in the fol lowing, in order to shorten the computa t ion t ime, 
we constrain the mode l parameters by requiring 

•H = 0 = J > a = - / ? / 2 + x / T Ö y or a = - ß / 2 - (15) 

In the rest of the paper, w e cons ider a solution family for the case of the non-trivial solution w" with the first 
constraint a = —ß/2 + 1/IO7. Of course, other classes of soli tary-wave solutions can be found f r o m w m and 
the second constra int on a , ß, 7 . 

Af te r subst i tut ing UQ and a into (7), we obtain 

" , ( M > = J 7 m ~ + 4 7 ' ( , 6 ) 

Subsequent ly , w e get the fo l lowing solution for U2(x, t ) f rom (9): 

, , , —32j(f)x(pxxx + \5 ß2<pxx2 - 2 0 ß 2 ^ ^ - 4 c f ) x ( f ) x x x ^ W f ß + 24(f>xx
2

1 U2{X,t)= ^— . (17) 
<fix2(Vw^ß2 + 8 7 ^ + 1673/2) 
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(a) 

- 1 0 
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(b) 

- 1 0 

Fig. 1. (a) Typical sech2-shpaed solitary-wave solution u(x, 0) in (21) with parameters A = 1 ,B = 1, Ci = \,ß = —2, 
7 = 10, and a = -ß/2 + \ZTO7 = 11. (b) u(x, t) shows the solitary wave property that the amplitude becomes finite as |x | 
approaches infinity. 

Thus , w e are able to find a class of analytical solu-
tions u(x, t) in te rms of wj , u2 in (14 - 17) with an 
arbitrary funct ion </>(x, t ) constrained by the remain-
ing equat ions ( 1 0 - 1 3 ) . We note that, once a Bäcklund 
t ransformat ion is discovered and a set of "seed" so-
lutions is given, one will be able to find an infinite 
number of solut ions by repeated applicat ions of the 
t ransformat ion, i .e . , to generate a hierarchy of solu-
tions with increasing complexi ty . In the rest of the 
paper w e will find a family of some exact analytical 
solutions of (1). 

Sample Solution 

A trial solution 

<j>(x,t) = \+eQ{x^\ where Q(x,t) = A(t)x+B(t) (18) 

is substi tuted into the remaining constraint equat ions 
( 1 0 - 13). F rom (10), we find 

I - 3 &x:A(t)'=0 => A(t) = A = constant . (19) 

Then, we obtain B(t)' f rom the terms of 0 3 and 
integrate it over t to get 

B(t) = 
- n - t - s 

4 T 

1Z EE 1 0 5 0 0 y l 5 \ / l Ö / 3 6 7 - 62720 A5VYÖj^ß2 

+ 13750 A5ß1 - 97280 A5-y7/2ß 

2 0 1 6 0 0 A 5 / ? V / 2 + 1 4 0 0 0 A 5 / ? V ?573/2 

- 28000 A5 \ / K ) / ? V - 6144 A5 / 1 Ö 7 4 

+ 625 A5 ßsVlÖ, 

S = - 2 2 4 0 0 0 C I / ? 3 7 5 / 2 - 2500 C { ß 7 ^ 

- 8 4 0 0 0 C i / ? V / 2 - 7 1 6 8 0 C 1 7 7 / 2 / ? 

- 5 3 7 6 0 C x V Ü ) ^ ß 2 - 4 0 9 6 C i V T Ö 7 4 

- 7000 Ci VYÖß 6 ^ - 5 6 0 0 0 Cx V W 7 2 , 

7 = 1 0 2 4 7
4 / I Ö + 1750 \ / I Ö / ? 6 7 + 14000 \ /TÖ/? 47 2 

+ 13440 \ / l Ö 7 3 / ? 2 + 56000 / ? V / 2 + 625 ß1 ^ 

+ 2 1 0 0 0 / ? 5 7 3 / 2 + 17920 y1/2ß, (20) 

where C\ is the constant of integration. C o m b i n i n g 
all terms, we find a family of analyt ical solut ions of 
( l ) a s 

u(x, t) = 3 
( - ß - 2 a + H)4>x 

1 

1 

(1 +eS<*' t>)2 

\2(j)xx(5 ß + 2 VTÖ7) 1 

ßy/Wf + 4-f 1 + e ß ^ ' O 

'X f i n - 15 ß2 + 20 ß 2 ^ 3 2 7 

+ 4<f) x ( t ) x x x y/ \Öyß - 24 

x
2(\/\öjß2 + %jß+ 1673/2) 

XX 7 

(21) 

with the trial funct ion 4>(x,t) in (18) with Q(x,t) in 
(19 ,20 ) . 

In the fol lowing we show that our solut ions indeed 
have solitary-wave propert ies by present ing s o m e fig-
ures f rom the family: We choose , as an example , a 
set of arbitrary constants; A = 1, B = 1, and C\ = 1 



W.-P. Hong and Y.-D. Jung • Generalized Fifth-order Nonlinear 

(a) ^ (b) 
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- 1 0 

Fig. 2. (a) Sech2-shaped solitary-wave solution u(x, 0) with parameters A = 1, B = 1, Ci = 1, ß = 2 ,7 = 40, and a = 19. 
(b) il(x, t) shows the breather solitary-wave solution behavior. 

with the constraint a = - ß / 2 + A/IO7. Figures 1 
and 2 correspond to (ß = - 2 , 7 = 10, a = 11) and 
(ß = 2 , 7 = 40, a = 19), respectively. Firstly, we note 
that u(x, 0) in Figs. 1(a) and 2(a) are both sech(:r)2-
shaped solutions. From Figs. 1(b) and 2(b) we un-
derstand that in both cases the solutions have solitary 
wave property, i. e., u(x, t) tends to a finite value as 
\x\ approaches infinity. Interestingly, Fig. 2(b) shows 
a breather solitary-wave solution. 

To sum up, with symbolic computations and the 
truncated Painleve expansion analysis, we showed 
that Bäcklund ransformations exist for the general-
ized fifth-order non-integrable nonlinear evolution 

equation. We found a class of analytical solutions 
u(x,t) to (1) in terms of ilq,u\,il2 in (14 - 17) with 
an arbitrary function (j)(x, t) constrained by (10 - 13). 
A sample solution family for u(x,t) was found in 
Eq.(21) with the constraint a = —ß/2 + VIO7. More 
solitary-wave families can be found from um(x, t) 
and other constraints on a, ß, 7 in (15). 
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